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a b s t r a c t 
This paper introduces an eﬃcient method to automatically generate and mesh a periodic three- 
dimensional microstructure for matrix-inclusion composites. Such models are of major importance in the 
ﬁeld of computational micromechanics for homogenization purposes utilizing unit cell models. The main 
focus of this contribution is on the creation of cubic representative volume elements (RVEs) featuring a 
periodic geometry and a periodic mesh topology suitable for the application of periodic boundary condi- 
tions in the framework of ﬁnite element simulations. Our method systematically combines various mesh- 
ing tools in an extremely eﬃcient and robust algorithm. The RVE generation itself follows a straightfor- 
ward random sequential absorption approach resulting in a randomized periodic microstructure. Special 
emphasis is placed on the discretization procedure to maintain a high quality mesh with as few elements 
as possible, thus, manageable for computer simulations applicable to high volume concentrations, high 
number of inclusions and complex inclusion geometries. Examples elucidate the ability of the proposed 
approach to eﬃciently generate large RVEs with a high number of anisotropic inclusions incorporating 
extreme aspect ratios but still maintaining a high quality mesh and a low number of elements. 
© 2016 The Authors. Published by Elsevier Ltd. 
This is an open access article under the CC BY-NC-ND license 
( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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0. Introduction 
A crucial aspect in the development and optimization of high
erformance materials is the utilization of heterogeneous materi-
ls such as particle or ﬁber reinforced composites. For simulating
nd predicting the mechanical deformation behavior most accu-
ately, it is essential to incorporate information of the underlying
icrostructure. The research ﬁeld of computational micromechan-
cs deals with this topic and the issues of how this should be con-
ucted. A major interest in this ﬁeld lies in the prediction of ef-
ective material properties or in the deduction of constitutive laws
ia multiscale methods [14,18,35] . One sophisticated approach is
ddressed to the investigation of unit cells that act as RVEs 1 of
he material of interest [17,18] . The guiding idea is the computa-∗ Corresponding author. 
E-mail address: Konrad.Schneider@tuhh.de (K. Schneider). 
1 Following [2] we associate the terminus unit cell with any volume that is ca- 
able of forming a periodic microstructure via congruence mappings (translation, 
irroring, rotation). As a limiting case a unit cell might be a RVE. 
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965-9978/© 2016 The Authors. Published by Elsevier Ltd. This is an open access article uion of material responses on sample RVEs by solving a boundary
alue problem using numerical methods. The numerical method of
hoice throughout this work is the ﬁnite element method repre-
enting a state-of-the-art technology in computational engineering.
or employing ﬁnite element simulations in this context, a dis-
retization of the unit cells is inevitable. This rises the important
uestion on what the RVE should look like and what the require-
ents of a proper ﬁnite element mesh are. 
The geometric information of real microstructures gained from
xperimental observations, such as image reconstruction, are only
artially suitable for numerical simulations due to their abundance
nd complexity [7,13] . For simulation purposes it is often neces-
ary to artiﬁcially generate geometrically simpler RVEs which fea-
ure relevant properties of the real material. In this regard, the
icrostructures may be interpreted as the result of a stochastic
rocess [35] . Generating a RVE can therefore be sourced by an arti-
cial stochastic process which in turn leads to artiﬁcial microstruc-
ures. To verify and to ensure the quality and compliance of the
enerated geometry a stochastic equivalence between the real and
rtiﬁcial microstructures is desirable [28] . Considering the generalnder the CC BY-NC-ND license ( http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 
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Ccomputational feasibility, only a few meaningful geometric param-
eters and their corresponding distributions might be included in
such a process. A common approach to generate randomized arti-
ﬁcial RVEs is the utilization of random sequential absorption pro-
cesses [15,26,33] that successively built up the microstructure. 
One major class of microstructured heterogeneous materials are
matrix-inclusion composites featuring non-overlapping inclusions
to which this paper addresses. Many authors dedicated their work
to these materials considering various types of inclusions such
as spherical particles [3,4,11,22,23] , ellipsoids [3,5,12,24] or cylin-
ders [1,8] . A cumbersome task in the generation process is plac-
ing the inclusions randomly while preserving the non-overlapping
requirement. For this task intersection tests or distance queries
between two inclusions need to be conducted. Especially the gen-
eration of unit cells with high volume fractions is diﬃcult to man-
age [see e.g. 3 , 24 , 8] . More sophisticated approaches like molecu-
lar dynamic methods [12] , geometric adaption of the particles [1] ,
dynamic simulation of densiﬁcation [34] or simulated annealing
[26] are necessary to circumvent this problem. 
Besides the geometry generation itself the geometric discretiza-
tion is an important step for subsequent simulations. Especially
for ﬁnite element simulations this becomes a non-trivial task. In
context of the underlying boundary value problem, with respect
to homogenization purposes, the application of periodic bound-
ary conditions is favorable [18,21] . A drawback of this method
is the inevitable requirement of a periodic mesh topology. Al-
though there exist some software packages that feature a periodic
mesh generation, e.g., Netgen [27] or commercial meshing pack-
ages which allow mesh copying and constrained meshing, there is
no straightforward way of generating such meshes. Problems may
arise from the restriction to very simple inclusion geometries, such
as spheres. Unstable boolean operations, which are likely to fail in
the process of constructing the geometry, might be an inevitable
obstacle. On the other hand, the mesh size can easily increase, re-
sulting in ﬁnite element models too large for eﬃcient simulations.
In [3–5] the authors investigated random RVEs with different types
of inclusions using Netgen . It was revealed that for small num-
ber of inclusions very large number of elements result from the
discretization process (e.g., 15 inclusions yield 10 0.0 0 0 elements).
To circumvent this problem, [24] divided the meshing process into
several steps. However, they were only able to consider spheroids
with aspect ratios smaller than three. The recent work of [8] shows
an approach featuring a large number of inclusions with inﬁnite
length. A combination of multiple software packages is applied to
circumvent the drawback of using boolean operations. However,
neither the generated microstructure nor the mesh feature a pe-
riodic topology. In this regard, the publication of [32] reveals a
promising approach. By successively treating each inclusion indi-
vidually a periodic mesh is obtained. However, their method re-
quires the utilization of polyhedral ﬁnite elements, which requires
non-standard software. 
Another noticeable class of microstructured heterogeneous
materials are polycrystals with a pronounced grain topology.
[10,17,25] investigated their generation, discretization and effective
mechanical properties by approximating the granular structure via
Voronoi-diagrams. Again, only non-standard methods [10] result
in a periodic mesh topology suitable for periodic boundary con-
ditions. 
These examples highlight the demand for a proper method for
generating randomized matrix-inclusion RVEs featuring a periodic
mesh topology. The central contribution of this paper is an algo-
rithm that automatically generates a periodic tetrahedralization of
cubic matrix-inclusion RVEs for the use in ﬁnite element simula-
tions. The outline of this paper is as follows: First, we describe the
microstructure geometry generation process. Thereafter, the indi-
vidual inclusions are incorporated into a constructive solid geome-
try model, thus, taking care of potential intersections with the unit Cell. The diﬃculties of discretization are solved by meshing the in-
lusions successively, hence, breaking down the meshing process
nto smaller subtasks. Therefore, the generated surface meshes of
he constructive solid geometry representations of all inclusions
re periodically distributed in the RVE, master edges and surfaces
re created, resulting in a waterproof surface mesh. Afterwards,
 volume mesh of high quality tetrahedrons is generated to ob-
ain a discretization of the whole structure. Finally, we elucidate
he quality of the generated mesh, and compare it to meshes from
vailable software packages, e.g., Netgen . 
. Microstructure generation 
Exemplarily, the considered microstructures possess ellipsodial
nclusions of revolution, namely spheroids. The examined RVEs ex-
ibit a cuboid like shape featuring translational periodicity with
hese spheroids inside. Before the actual microstructure generation
rocess is explained, we introduce an accurate description of the
eometric setting, the signiﬁcant geometric primitives and their
andomized placement. 
.1. Mathematical description of geometric setting 
One corner of the cuboid shaped RVE is located at the origin
f the global coordinate system with edges aligned parallel to the
oordinate axes as shown in Fig. 1 . The side lengths of the cuboid
re denoted by a x , a y and a z . The faces of the RVE are interpreted
s subsets of planes P i . We describe these planes by the Hessian
ormal form 
 i = { x ∈ R 3 | x T · n p + d = 0 } , (1)
ith n p being the outward pointed normal vector and | d | being the
istance of the plane from the origin. With this description the six
aces of the cuboid are addressed by 
 x 0 = { n x 0 = [ −1 , 0 , 0] T ;d = 0 } , 
 x 1 = { n x 1 = [ 1 , 0 , 0] T ;d = −a x } , 
 y 0 = { n y 0 = [ 0 , −1 , 0] T ;d = 0 } , (2)
 y 1 = { n y 1 = [ 0 , 1 , 0] T ;d = −a y } , 
 z 0 = { n z 0 = [ 0 , 0 , −1] T ;d = 0 } , 
 z 1 = { n z 1 = [ 0 , 0 , 1] T ;d = −a z } . 
he edges of the cuboid are deﬁned by subsets of lines L i 
 i = { a + r n L | r ∈ R } , (3)
here a is a point on the line and n L the direction vector. Addi-
ionally, all 12 edges of the cube are interpreted as subsets of the
ntersection of two planes and expressed as 
L y 0 z 0 = { P y 0 ∧ P z 0 } , L y 0 z 1 = { P y 0 ∧ P z 1 } , 
L y 1 z 1 = { P y 1 ∧ P z 1 } , L y 1 z 0 = { P y 1 ∧ P z 0 } 
}
with n L = 
[ 
0 
1 
0 
] 
, 
L x 0 z 0 = { P x 0 ∧ P z 0 } , L x 0 z 1 = { P x 0 ∧ P z 1 } , 
L x 1 z 1 = { P x 1 ∧ P z 1 } , L x 1 z 0 = { P x 1 ∧ P z 0 } 
}
with n L = 
[ 
0 
1 
0 
] 
, 
L x 0 y 0 = { P x 0 ∧ P y 0 } , L x 0 y 1 = { P x 0 ∧ P y 1 } , 
L x 1 y 1 = { P x 1 ∧ P y 1 } , L x 1 y 0 = { P x 1 ∧ P y 0 } 
}
with n L = 
[ 
0 
0 
1 
] 
. 
(4)
he eight corners C i of the cuboid are described as the intersection
f three planes by 
 x 0 y 0 z 0 = { P x 0 ∧ P y 0 ∧ P z 0 } , C x 0 y 1 z 0 = { P x 0 ∧ P y 1 ∧ P z 0 } , 
 x 1 y 1 z 0 = { P x 1 ∧ P y 1 ∧ P z 0 } , C x 1 y 0 z 0 = { P x 1 ∧ P y 0 ∧ P z 0 } , 
(5)
 x 0 y 0 z 1 = { P x 0 ∧ P y 0 ∧ P z 1 } , C x 0 y 1 z 1 = { P x 0 ∧ P y 1 ∧ P z 1 } , 
 x 1 y 1 z 1 = { P x 1 ∧ P y 1 ∧ P z 1 } , C x 1 y 0 z 1 = { P x 1 ∧ P y 0 ∧ P z 1 } . 
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(a) (b) (c)
Fig. 1. Description of cuboids: (a) normal vectors n deﬁning faces P (see Eq. (2)) , (b) edges L (see Eq. (4)) and (c) corners C (see Eq. (5)) . 
(a) (b) (c)
Fig. 2. Placement procedure of a spheroid from the initial state (a) described in local tilde-coordinate system into the unit cell, (b) described in global coordinate system 
and (c) its periodization. 
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m  With these deﬁnitions of the geometric primitives of the cube,
he inclusions geometric primitive are described in the follow-
ng. In this work, we focus on ellipsoids of revolution, namely
pheroids; an extension to other types of inclusions is, however,
traightforward. We represent a spheroid by its half-axis h x = h y 
nd h z deﬁning its shape. The position is speciﬁed by the center
 c . The orientation vector n ( ϕ, θ ) is pointing in direction of the
 z -axis (see Fig. 2 (a)). We have 
 x , h z ∈ R + , x c ∈ R 3 , n = [ sin θ cos ϕ, sin θ sin ϕ, cos θ ] T with 
 ∈ [ −π, π ] , θ ∈ [0 , π ] . (6) 
 and θ are the azimuth and polar angle with respect to the global
oordinate system. Due to the transversal isotropic properties of
pheroids we describe their orientation by only two parameters. A
eneral spheroid is mathematically deﬁned by the set 
 i ( x c , h x , α, n (ϕ, θ )) = { x ∈ R 3 , h x ∈ R + , α ∈ R + , ϕ ∈ [ −π, π ] , 
θ ∈ [0 , π ] | x T · A · x + b T · x + c ≤ 0 } 
with A = Q T ·˜ A · Q , b = −2 A · x c , c = x T c · A · x c − 1 , ˜ A = diag ( 1 
h 2 x 
, 
1 
h 2 x 
, 
1 
[ αh x ] 2 
)
, (7) 
Q = 2 v · v T − 1 , v = n + e z || n + e z || 2 . 
ere, Q represents a proper orthogonal matrix resulting from Ro-
rigues’ rotation formula with a rotation angle of 180 °, v is the
ormalized axis of rotation, e z the unit vector in z -direction of the
lobal coordinate system, || •|| 2 the L 2 -norm and diag( •) the opera-
or that generates a diagonal matrix from a vector. The RVE generation process is conducted by placing spheroids
nside the cuboid until the desired number of inclusions or vol-
me fraction f is obtained. Geometric compatibility requires a pe-
iodic RVE, which necessitates that all inclusions intersecting with
he boundary of the unit cell must have periodic counter pairs on
pposing faces. The randomized placement of inclusions is con-
ucted by interpreting the placement procedure as a stochastical
rocess. Random positions and orientations are generated lead-
ng to seven stochastic parameters in the most general case: three
oordinates of the inclusion center x c , two angles describing the
rientation vector n ( ϕ, θ ), one half-axis h x and the aspect ratio
, relating the half-axes by αh x = h z (cf. Eq. (6) ). This parame-
erization allows the generation of arbitrary distributions of ran-
omly orientated spheroids. Finally, four random generator func-
ions P() , R () , S() , T () , corresponding to arbitrarily cho-
en distributions, with  ∈ [0, 1] being the probability space, are
ntroduced. They are employed to the stochastic parameters via 
 c ∝ [ a x P () , a y P () , a z P ()] , 
∝ [ αmax − αmin ] R () + αmin , 
 ∝ 2 π S() − π, (8) 
∝ π T () , 
ith αmax and αmin being the maximum and minimum aspect ra-
ios of the spheroids. 
.2. Placement procedure 
A random sequential absorption method [15,33] is the funda-
ental process for the placement procedure. It generates hardcore
180 K. Schneider et al. / Advances in Engineering Software 99 (2016) 177–188 
Algorithm 1: Periodic inclusion positioning inside a RVE via 
random sequential absorption method. 
Input : number of inclusions N, inclusion parameter set [ h x , αmax ] , RVE 
dimensions [ a x , a y , a z ] 
Output : arrangement of inclusions stored in: Inclusions 
1 Inclusions ← initialize 
2 while # Inclusions  = N do 
3 Inclusion ← generate_Inclusion ( [ h x , αmax ] , [ a x , a y , a z ] ) 
4 Periodic _ Inclusions ← periodize_Inclusion ( Inclusion, [ a x , a y , a z ]) 
5 foreach Inclusion _ i of Periodic _ Inclusions do 
6 foreach I nclusion _ j of I nclusions do 
7 admissibil ity _ f l ag ← check_admissibility ( Incl usion _ i , Incl usion _ j) 
8 if admissibil ity _ f l ag == F ALSE then 
9 reject Inclusion and go to 3 
10 end 
11 end 
12 end 
13 if admissibil ity _ f l ag then 
14 Inclusions + = Periodic _ Inclusions _ i 
15 end 
16 end 
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iarrangements (non-overlapping inclusions) of lower to moderate
volume fractions 2 . Algorithm 1 depicts a schematic concept of our
approach. Its input is the number of target inclusions N , the pa-
rameter set characterizing the shapes of the spheroids [ h x , αmax ]
and the dimensions of the RVE [ a x , a y , a z ]. After an inclusion is
randomly placed as outlined above, periodization follows. If a gen-
erated inclusion intersects the boundary of the RVE, copies of this
inclusion are distributed around the RVE in a periodic manner (cf.
Fig. 2 ). Next, the newly created spheroids are tested for admissibil-
ity against all already placed inclusions and the RVE boundary. 
If all checks reveal positive, the inclusion and its periodic copies
are approved and added to the global assembly. 
Crucial parts of this algorithm are the
periodize_Inclusion() and check_admissibility()
functions. The periodize_Inclusion() function checks if the
inclusion intersects with the boundary of the RVE by computing
the maximal and minimal ellipsoid-plane distances to all six
planes of the cuboid. By computing all stationary points and
their corresponding objective function values of the constrained
optimization problem 
min 
x ∈ R 3 
x T · n p + d s.t. x T · A · x + b T · x + c = 0 , (9)
the distances are set. In the optimization problem Eq. (9) , the ob-
jective function represents the Hessian normal form of the planes
P i : { x ∈ R 3 | x T · n p + d = 0 } , emanating from the deﬁnition of the
RVE faces as shown in Fig. 3 . The solution of Eq. (9) leads to a
quadratic equation with two distinctive realvalued solutions 3 . With
these solutions the minimal and maximal signed distances d and
d 0 between the plane and the ellipsoid, as shown in Fig. 3 (a), are
calculated. If the two distances have different signs, plane and in-
clusion intersect and the spheroid is copied accordingly. If multiple
plane intersections are simultaneously present, multiple copies of
the inclusions are required to establish periodicity 4 . 2 For a packing of spheres with equal radii, [6] proposed an asymptotic volume 
fraction of 38% using a random sequential absorption method. 
3 The Lagrangian multipliers of problem (9) lead to the following expression 
λ0 , 1 = ±
√ 
n T ·A ·n 
b 
T ·A −1 ·b −4 c = ±
√ 
n T ·A ·n 
2 
. With A being positive deﬁnite and | n |  = 0 by def- 
inition, this always leads to two distinct solutions. 
4 If a spheroid intersects with two planes (near edges) 3 copies are needed. On 
the other hand, if a spheroid is placed in the corner of the RVE it intersects with 3 
planes and, hence, 7 copies are required to maintain periodicity. 
i
(
l
c
w
aThe check_admissibility() routine calculates the dis-
ances from the processed inclusion to all already placed
nclusions, all RVE face-planes as well as to all RVE corners and
ompares them with a given threshold distance d min > 0. If
ny distance is smaller than d min , the current inclusion is re-
ected (e.g., Algorithm 1 line 9). These checks ensure the non-
verlapping requirement for inclusions. Furthermore, very small
nd badly shaped volumes are avoided, if the threshold is cho-
en large enough. This is extremely beneﬁcial for the subsequent
eshing procedure by preventing the amount of poor and de-
enerated elements and, thus, resulting in more high quality el-
ments. Eventually, the minimum distance between the spheroid
nd a plane is determined by computing the optimal value of Eq.
9) . The distance calculation between two spheroids is more com-
lex [9,19] since the constrained optimization problem 
min 
 ∈ R 3 , y ∈ R 3 
|| x − y || 2 s.t. x ∈ E 0 , y ∈ E 1 (10)
s nonlinear and non-convex. An analytical solution of problem
10) is not possible. [20] suggested an effective iterative algorithm
or solving the ellipsoid-ellipsoid distance problem. The fundamen-
al idea of their method is shown in Fig. 3 (c) and explained in
he following. Balls are inserted into E 0 and E 1 such that they lie
ompletely inside their corresponding spheroid and tangential to
he respective boundaries. The iterative process starts by generat-
ng the connecting line between both ball centers and calculating
ts penetration points on the boundaries of E 0 and E 1 . Then, the
wo balls are repositioned such that they touch the penetration
oints while still being tangential to the spheroid boundaries. This
rocess is repeated until the direction of the connection line co-
ncides with the normal vector of the spheroid boundaries at the
enetration points. Accordingly, the resulting connection line rep-
esents the shortest connection path between two inclusions with
ts magnitude being the desired distance. This intuitive method has
n excellent convergence behavior and is straightforward to im-
lement. For the spheroid-corner distance calculation we modify
he ellipsoid-ellipsoid algorithm as depicted in Fig. 3 (a). Instead of
hanging the position of both balls only one ball evolves inside the
llipsoid. The center of the other ball coincides with the consid-
red corner and remains ﬁxed throughout the iteration process. If
he query point is inside the ellipsoid, the advancing ball is posi-
ioned outside the ellipsoid 5 . 
The presented approach for the generation of matrix-inclusion
VEs is implemented into Python . For demonstration purposes we
rescribe a ﬁxed aspect ratio α = αmax = αmin = 5 as well as uni-
orm distributions P() = S() = T () = U() for generating
he location and orientation of the spheroids 6 . Furthermore, the
verall RVE dimensions are exemplarily set to a x = a y = a z = 1 re-
ulting in a cubeshaped volume. The target inclusion volume frac-
ion is set to f = 20% . Three microstructures with 10, 50 and 150
nclusions are depicted in Fig. 4 . 5 If the query point lies inside the ellipsoid (cf. Fig. 3 (a), right), the evolving ball 
s located on the ellipsoids outside. The space surrounding the ball is non-convex 
complement of three-dimensional space and ellipsoid), and thus convergence prob- 
ems might occur. By choosing the starting point of the iteration adroitly global 
onvergence is ensured. Therefore, we compute the penetration points of the line 
deﬁned by the ellipsoid midpoint and the query point and select the closer one, 
ith respect to the query point, as the initial guess. 
6 Particular attention needs to be paid to the generation of the angles to establish 
 uniform orientation distribution, thus, leading to θ = acos (2 U() − 1) . 
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Fig. 3. Two dimensional schematic representation of determining minimum distances d between a spheroid E 0 and: (a) a point (e.g., E 0 and a corner C outside of E 0 or E 0 
and a corner C inside of E 0 ), (b) a plane P 0 and (c) a spheroid E 1 . 
a) b) c)
Fig. 4. Periodic microstructures with an inclusion volume fraction of 20% with (a) 10, (b) 50 and (c) 150 spheroidal inclusions. The periodically continued parts of inclusions 
intersecting the RVE boundary exhibit identical colors. 
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7 Queries and manipulations on the geometric data (node coordinates) are critical . Meshing procedure 
In this section, we present a novel and eﬃcient mesh-
ng approach to obtain a high quality periodic discretization of
atrix-inclusion microstructures with as few elements as possi-
le. Algorithm 2 depicts the corresponding ﬂow chart. With the
ndings of Section 2 as an input to the algorithm, the core idea
s to process the geometric information successively. One by one,
 surface mesh of each individual spheroid is generated. Respect-
ng potential unit cell-inclusion-intersections, the meshes are split
nd distributed (translated) around the RVE in accordance to pe-
iodicity requirements. Following a hierarchical meshing procedure
imilar to [10] , the ﬁnal discretization is built starting with cor-
ers to edges over faces and, ﬁnally, ending with the volume mesh.
ithin the process master edges and faces are generated and
opied, hence serving as constrains for the triangulations (master
ace mesh) and, ﬁnal tetrahedralization (volume mesh). By utiliz-
ng individual source meshes emanating from the individual inclu-
ions, mesh periodicity is automatically obtained. We implement
he algorithm in Python allowing a straightforward incorporation
f third party libraries via scripts. Throughout the whole algorithm
esh information is split into geometric information of the nodes
positions of the nodes) and topology information in terms of el-
i
o
dment connectivity tables which signiﬁcantly increases numerical
tability 7 . 
In the following, we illustrate the developed approach on ba-
is of an example for a detailed description. Fig. 5 (a) 8 shows a
icrostructure which consists of one inclusion having its center
t x c = [0 , 0 . 5 , 0] T in a cubic unit cell with an edge length of
 x = a y = a z = 1 . Periodicity of the mesh topology is an overall
oal, which necessitates the surface triangulations of opposing RVE
aces to coincide. We enforce this condition by assigning P x 0 , P y 0 
nd P z 0 to master faces. The generated meshes on these faces are
ater copied to their opposing counterparts P x 1 , P y 1 and P z 1 . The
reation of master faces requires a waterproof source line mesh,
manating from the boundary of the inclusions and the unit cell
dges. At ﬁrst the processed inclusion is identiﬁed as a master or
lave inclusion. Master inclusions are completely inside the RVE or
ntersect solely with one or more of the master faces. They exclu-
ively act as the source for the further meshing process. If a master
nclusion is completely inside the RVE, a template surface mesh of
he inclusion is translated and rotated according to its properties.
n our example, the inclusion intersects with planes P x and P z ,n terms of ﬁnite precisions of a computer. By splitting the mesh information those 
perations are reduced to a minimum. 
8 For demonstration purpose the three copies, demanded by periodicity, are not 
isplayed. 
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Algorithm 2 
Automatic generation of a high quality periodic mesh with a small number of elements. 
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s  qualifying it as a master inclusion. Therefore, three copies (slave
inclusions) are required to ensure periodicity. Their centers are
shifted with respect to the master inclusion center. Three trans-
lational shift vectors given by 
v 1 = [1 0 0] T , v 2 = [0 0 1] T , v 3 = [1 0 1] T , (11)
are used to compute slave inclusion centers via x c i = x c + v i , i ∈{ 1 , 2 , 3 } . Next, partitioning of the master inclusion with respect tohe intersection planes follows, resulting in four parts, as shown in
ig. 5 (b). The emerged pieces relate to the volumes of the com-
ined set of master and slave inclusions being inside the RVE.
hereafter, a surface mesh of linear triangles of the fragmented
tructure is generated as shown in Fig. 5 (c). 
Compatibility of the mesh at leading edges is vital for the de-
ired mesh periodicity. Since intersection entities can be expressed
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Fig. 5. Procedure of placement and meshing of the master inclusion: (a) random placement of the master inclusion, (b) partitioning by boolean operations and (c) resulting 
surface mesh. 
Algorithm 3 
Generation of surface meshes of a partitioned inclusions. 
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nnalytically only for simple geometries (e.g., spheres, polyhedra)
nd meshing of curved surfaces is non-trivial, we employ third
arty softwares for this task. Modern ﬁnite element packages offer
he capabilities of modeling and meshing complicated geometries 9 .
y means of boolean operations emanating from the ﬁeld of con-
tructive solid geometry, the dividing process is realized followed
y a preferably isotropic surface triangulation. In some cases small
olumes or sharp angles are present and lead to degenerated sur-
ace meshes that are highly anisotropic, posses self-intersections
r are non-waterproof (featuring of open faces). To capture these
ossible errors, a mesh integrity check follows each surface trian-
ulation as shown in Algorithm 3 10 . 
It is found that Netgen [27] provides the most robust mesh
enerator for our purposes 11 . However, due to the employed ad-
ancing front algorithm, the resulting meshes are very dense and
herefore, under the viewpoint of obtaining as few elements as
ossible, Netgen is not our choice 12 . In the ﬁrst step a commercial
oftware, e.g. Abaqus , is used to create a reasonable dense mesh
nd Netgen acts as a guarantee in case of mesh degeneration to9 Even for a simple geometry like a spheroid the intersection edges and surface 
ith respect to planes are complex and must be computed numerically [27] . 
10 The mesh anisotropy is checked by a heuristic threshold of the ratio of maxi- 
um to minimum element area a max / a min > 250. The self-intersection test and the 
pen face check is conducted by utilizing the options -d and -V in TetGen [ 30 , 31 ] 
nd verifying its output. 
11 Netgen uses an implicit function representation of geometric primitives result- 
ng in accurate and robust boolean operations. 
12 Commercial softwares like Comsol or Abaqus represent the geometry in a dif- 
erent way to Netgen , which may result in errors concerning the boolean opera- 
ions. On the other hand, they employ more sophisticated meshing methodologies 
hich produce more anisotropic meshes leading to fewer elements. However, in 
ome cases the resulting mesh is degenerated and shows a high mesh anisotropy, 
elf-intersections or is open. These faults result from degenerated partitions that 
roduce very small volumes or sharp angles, resulting in nodes treated as coinci- 
ent due to the ﬁnite precision of computers. 
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tventually obtain a linear surface mesh consisting of planar and
urved regions, ready for further processing. 
In the next step, the surface mesh is split and distributed across
he RVE as shown in Fig. 6 . The triangulated master inclusion mesh
s non-manifold and ﬁrstly separated into its components, which
re the planar and spatial sections, cf. Fig. 6 (a). To distinguish the
lanar triangle elements on planes from spatial ones we operate
n the geometric information of the nodes ( nodes [ . . . ] ) by using a
umerical tolerance 13 δ via 
P x 0 P 
+ 
y 0 
P + z 0 : 
{| node [ i ] · n x 0 | ≤ δ∧ 
node [ i ] · n y 0 ≤ δ ∧ node [ i ] · n z 0 ≤ δ
P x 0 P 
−
y 0 
P −z 0 : 
{| node [ i ] · n x 0 | ≤ δ∧ 
node [ i ] · n y 0 ≥ δ ∧ node [ i ] · n z 0 ≥ δ
P z 0 P 
+ 
x 0 
P + y 0 : 
{| node [ i ] · n y 0 | ≤ δ∧ 
node [ i ] · n x 0 ≤ δ ∧ node [ i ] · n y 0 ≤ δ
P z 0 P 
−
x 0 
P −y 0 : 
{| node [ i ] · n z 0 | ≤ δ∧ 
node [ i ] · n x 0 ≥ δ ∧ node [ i ] · n y 0 ≥ δ
(12) 
with i = { 1 .. n nodes } and n nodes being the total number of nodes.
he element sets P x 0 P 
+ 
y 0 
P + z 0 , P x 0 P 
−
y 0 
P −z 0 , P z 0 P 
+ 
x 0 
P + z 0 and P z 0 P 
−
x 0 
P −y 0 im-
ose constraints on the later generated master face meshes and
re shifted accordingly as shown in Fig. 6 (b). Analogously to the
lave inclusions and their shift vectors the appropriate regions of
he spatial mesh are translated according to Eq. (11) and contribute
o the interior of the global surface mesh, see Fig. 6 (c). 
Before the hierarchical meshing procedure commences, all pla-
ar element sets on all master faces are transformed into a line
esh of the exterior edges as shown in Fig. 7 (a) 14 . This results13 Choosing δ correctly is a demanding challenge due to the ﬁnite precision in 
omputers. For our purposes, we found δ = 10 −9 to be an adequate choice. 
14 This operation is conducted by working on the element connectivity informa- 
ion. 
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(a)
(b) (c)
Fig. 6. Splitting and distribution process of partitioned master inclusion surface mesh: (a) split surface mesh, (b) partitioned master face mesh and (c) interior surface mesh. 
(a) (b) (c)
Fig. 7. Meshing of master edges and faces: (a) ﬁnding master edge intersection points and generating master face line mesh, (b) mesh master edges and copy them around 
master faces and (c) mesh master faces. The meshing process is triggered by a maximum line length ˆ l and a maximum element area ˆ a. 
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s  in a two dimensional skeleton line mesh on the individual mas-
ter faces emanating from the inclusions and, thus, conforming with
the spatial triangulation of Fig. 6 (c). For obtaining the desired pe-
riodic mesh, opposite edges of master faces must have an iden-
tical discretization. To this end, we deﬁne the master edges L x 0 y 0 
(blue), L y 0 z 0 (yellow) and L x 0 z 0 (red) which are copied before the
master face meshing is conducted, cf. Fig. 7 (a) and (b). Intersection
points between the inclusions and the master edges need to be in-
corporated into the master edge mesh. An identiﬁcation of these
points follows a similar approach to Eq. (12) , employing a thresh-
old δ via 
L x 0 y 0 : | node [ i ] · n x 0 | ≤ δ ∧ | node [ i ] · n y 0 | ≤ δ, 
L y 0 z 0 : | node [ i ] · n y 0 | ≤ δ ∧ | node [ i ] · n z 0 | ≤ δ, (13)
L x 0 z 0 : | node [ i ] · n x 0 | ≤ δ ∧ | node [ i ] · n z 0 | ≤ δ. n our example the master edge L x 0 z 0 (red) is divided into three
artitions by the inclusion. Before the line meshing commences
he hitherto described process is repeated for all inclusions. 
Next, all master edges are divided by a line splitting algorithm,
hich divides all lines with a length larger than a predeﬁned max-
mum length ˆ l . The generated line meshes are copied (two times
er edge) to the slave edges, as depicted in Fig. 7 (b). For the sub-
equent face meshing a fully enclosed line mesh is required. There-
ore, all duplicate nodes of the entire line mesh (the combina-
ion of the skeleton line meshes of the inclusions and the master
dge meshes) are merged by joining all node pairs within a dis-
ance smaller than a threshold δ. Finding all these pairs is a cum-
ersome topic and can be treated by nearest-neighbor-lookup al-
orithms. Our algorithm incorporates a k-d tree by utilizing the
cipy.spatial.cKDTree class from the scipy library [16] ,
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(a) (b) (c)
Fig. 8. Merging surface meshes and generating three-dimensional constrained tetrahedralization: (a) assembly and merge of master faces and interior mesh, (b) closed 
(waterproof) three-dimensional surface mesh and (c) ﬁnal three-dimensional tetrahedral mesh as well as a cut through the unit cell. Volume meshing is triggered by 
specifying a maximum element volume ˆ v. 
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p  llowing very fast point queries 15 . Identiﬁcation, removal and rein-
exing of the nodes and their corresponding element connectivity
ntries eventually results in the desired enclosing line mesh which
erves as input for master face triangulations. Employing the very
obust and fast Triangle library from [29] all three master faces
re meshed via constrained Delaunay triangulations 16 . By deﬁning
 maximum triangle area ˆ a we trigger the mesh size and promote
n isotropic mesh. Fig. 7 (c) depicts the resulting discretized master
aces of the example microstructure. 
Finally, the algorithm copies all master face meshes to their
pposing sides ( P x 1 , P y 1 and P z 1 ), cf. Fig. 8 (a). Together with the
tored interior surface triangles of the inclusions they form the in-
ut for the volume meshing. Again, duplicated nodes are merged
y the described k-d tree approach, resulting in a waterproof
urface mesh, cf. Fig. 8 (b). Subsequently, a constrained Delaunay
etrahedralization is conducted using the robust and fast software
etGen [ 30 , 31 ] 17 . By constraining bounding triangles, the surface
esh is preserved, resulting in the required mesh periodicity con-
isting of quadratic tetrahedral elements, cf. Fig. 8 (c). By means of
pecifying a maximal element volume ˆ v the discretization process
s triggered, supporting the formation of an isotropic mesh. Since
nclusions form cavities in the input surfaces mesh, TetGen au-
omatically assigns element sets, which can be used for material
ection assignment. For triggering the total number of elements,
he length ˆ l , area ˆ a and volume ˆ v restrictions in the meshing pro-
edure are related via the edge length of an equilateral tetrahedron15 The cKDTree.query_pairs function is used for the pair search. 
16 The triangulation is separated into two steps. Firstly a coarse constrained tri- 
ngulation is conducted ( Triangle option -pYYVa ). This serves as input for the 
econd meshing procedure resulting in high quality elements ( Triangle option 
pqrjYYVa ). 
17 Similar to the two-dimensional triangulation the three-dimensional tetrahedral- 
zation is separated into two stages. Firstly, a coarse mesh serving as the input of 
he ﬁner high quality mesh is generated. The corresponding TetGen options are 
pYQA and -pqYQArao2 . 
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p  nd triangle [10] through 
ˆ = V RVE 
n ele 
, ˆ l = 3 
√ 
12 √ 
2 
ˆ v , ˆ a = 
√ 
3 
4 
ˆ l 2 . (14)
o a favored total number of elements n ele and the RVE volume
 RVE . 
In the presented form the algorithm prodcues isotropic meshes.
n some cases, however, it might be of interest to reﬁne the dis-
retization in regions where high gradients would be anticipated,
.g. at material interfaces. By utilizing a ﬁner surface triangulation
f the inclusion surfaces this can be achieved. The subsequent con-
trained Delaunay triangulation via TetGen has then to be trig-
ered by a larger intended tetrahedron volume assuring a smooth
ransition from the ﬁne surface meshes to intended coarser mesh
egions of the bulk volume. 
. Examples and comparison 
In this section we examine the effectiveness and applicability
f the proposed method. Regarding the limited capabilities of com-
uters the total number of elements cannot be arbitrarily large. On
he other hand, a ﬁne discretization captures the geometry more
recisely and highly distorted elements, which may lead to error-
rone numerical simulations, can be circumvented. Therefore, a
roper tradeoff between quality demands and computation time is
lways diﬃcult to ﬁnd. From that perspective, it is of major impor-
ance to quantify the mesh quality in an objective manner. Among
any element quality criteria, and the general uncertainty of a
ost meaningful one, we analyze the shape factor η = v / v opt , re-
ating the element volume v to the optimal volume v opt of an equi-
ateral tetrahedron with the same circumradius, to evaluate the re-
ulting discretizations. 
In this regard, example meshes generated via Netgen , a soft-
are library which is capable of producing periodic meshes au-
omatically and, therefore, considered as state of the art, and the
roposed algorithm are analyzed in the following. We create all
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(a) (b) (c)
Fig. 9. Three example meshes of the microstructures from Fig. 4 generated with Netgen , featuring a volume fraction of approximately 20% together with mesh statistics 
featuring the average element shape factor η: (a) 10 inclusions with 144214 elements (b) 50 inclusions with 1966106 elements and (c) 150 inclusions with 7314188 elements. 
The periodically continued parts of inclusions intersecting the RVE boundary exhibit identical colors. 
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c  meshes under the premises of achieving a small number of ele-
ments but maintaining a high overall mesh quality 18 . Taking dis-
cretizations emanating from Netgen as a reference a comparison
to our method is conducted. 
4.1. Mesh generation with NETGEN software library 
Fig. 9 shows discretizations of the three example microstruc-
tures from Fig. 4 meshed with Netgen . To obtain as few elements
as possible the mesh granularity option in Netgen is chosen to
very coarse or coarse , depending which meshing process ﬁnished
successfully. Additionally mesh statistics, featuring a frequency dis-
tribution of the shape factor η as well as the average shape fac-
tor η, are presented. All discretizations show an excellent shape
factor. However, the average shape factor as a global measure on
its own is not suﬃcient for mesh validation, since already few
badly shaped elements may ruin a proper ﬁnite element simula-
tion due to numerical problems. Due to inclusion-RVE intersections
and their periodic continuations, unwanted volumetric shapes are
unavoidable and thus, poorly shaped elements usually occur. From
the element shape factor frequency distributions of the different
meshes we deduce the trend of ﬁner meshes leading to a decrease
of poor elements. 
4.2. Mesh generation with our newly developed method 
Fig. 10 depicts discretizations and mesh statistics of the three
example microstructures (see Fig. 4 ) generated with our novel
method. Again, excellent average shape factors are observed in
combination with an increase in high quality elements for ﬁner18 We consider a mesh to be suﬃciently good, if an average element shape factor 
of η  0 . 5 is maintained. 
f
 
m  
t  eshes. Additional distance queries and thresholds between inclu-
ions and the RVE boundary, as described in Section 2 , provoke
he formation of good-natured volumes leading to a superb mesh
uality. 
.3. Comparison 
RVEs with Netgen show mesh reﬁnements at the inclusion in-
erfaces. It is not possible to generate equivalently isotropic meshes
ith Netgen , which might be attributed to the advancing front
eshing algorithm and its implementation concering the rules of
nsertion of new triangles on the ellipsoid surfaces, cf. [27] . RVEs
enerated with our method reveal a more isotropic element size
istribution. Analyzing the presented discretizations in terms of
esh statistics we observe no signiﬁcant differences between both
pproaches. As depicted in Table 1 average shape factors and rel-
tive frequencies of η ≤ 10 −4 , as a quantitative measure of poor
lements, are of similar size. Our method reveals a slight beneﬁt
egarding microstructure appoximation for sample (a) and (c) of
ig. 4 . The signiﬁcant improvement of our approach emerges with
espect to the total number of elements n el . Already from the vi-
ual examination a highly increased amount of elements resulting
n a very dense mesh is observable for the Netgen discretizations.
heses meshes have a limited applicability with respect to ﬁnite el-
ment simulations in terms of a manageable computation time due
o their enormous size. In case that many inclusions are needed for
 RVE, it is almost impossible to conduct simulations with a mesh
enerated by Netgen , especially if the underlying model captures
any physical effects and, therefore, is of a certain complexity. In
ontrast, our method reduces the total number of elements by a
actor up to 10, while still maintaining excellent mesh quality. 
Another aspect worth mentioning aims at the approximate geo-
etric representation of the microstructure through the mesh. Due
o the curved nature of the inclusions their boundaries cannot be
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(a) (b) (c)
Fig. 10. Three example meshes of the microstructures from Fig. 4 with a volume fraction of approximately 20% together with mesh statistics featuring the average element 
shape factor η: (a) 10 inclusions with 42211 elements (b) 50 inclusions with 199955 elements and (c) 150 inclusions with 732992 elements. The periodically continued parts 
of inclusions intersecting the RVE boundary exhibit identical colors. 
Table 1 
Comparison of our method to Netgen with respect to the example microstructures with different number of inclusions and an inclusion volume 
fraction of f = 0 . 2 . 
10 inclusions ( Fig. 4 (a)) 50 inclusions ( Fig. 4 (b)) 150 inclusions ( Fig. 4 (c)) 
η η ≤ 10 −4 n ele f η η ≤ 10 −4 n ele f η η ≤ 10 −4 n ele f 
Alg. 2 0 .53 2 × 10 −2 % 42211 0 .192 0 .50 2 × 10 −3 % 199955 0 .192 0 .52 0 % 732992 0 .193 
Netgen 0 .49 4 × 10 −2 % 144214 0 .198 0 .59 2 × 10 −4 % 1966106 0 .199 0 .50 4 × 10 −4 % 7314188 0 .199 
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 escribed by tetrahedrons exactly. Additionally, the convexity of
he considered inclusions always implicates a discretization with
 reduced inclusion volume fraction. As shown in Table 1 the vol-
me fraction is slightly smaller than f = 0 . 2 for both approaches.
ue to the larger number of elements Netgen is slightly closer to
he exact volume fraction. However, a minor adjustment in the de-
cribed approach of Section 2 , by increasing the volume fraction
 in accordance to the assumed lost amount due to meshing, re-
olves this problem. 
. Summary 
In the present work we propose an algorithm capable of au-
omatically generating and meshing three-dimensional, random,
on-overlapping matrix-inclusion RVEs to be used in ﬁnite element
imulations. We maintain a periodic topology of the microstructure
s well as the discretization throughout the whole process, allow-
ng a straightforward application of periodic boundary conditions.
he randomized, periodic microstructure itself is generated via a
andom sequential absorption method. Key features of this algo-
ithm are distance queries between the inclusions themselves and
etween the RVE boundary and inclusions. The meshing process
ollows a hierarchical discretization approach starting from points,
ver line meshes and face meshes to the ﬁnal tetrahedralization.ifferentiating between master and slave inclusions in combina-
ion with a successive processing of the geometric data, the algo-
ithm proves itself as very effective. 
By choosing a very general approach, an adjustment to all types
f inclusions without any restrictions is possible. The proposed al-
orithm is extremely eﬃcient, very robust and automized. Further,
t produces high quality meshes while keeping the total number
f elements at a manageable minimum under computational view-
oints. Thus, it is applicable to high volume concentrations, a large
umber of inclusions (incorporating extreme aspect ratios) and
omplicated inclusion geometries, while still maintaining a high
uality mesh. 
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